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1 Introduction
In this work we consider the abstract dialectical frame-
work (ADF) (Brewka et al. 2013), which has emerged as a
very powerful generalisation of the abstract argumentation
framework (AF) (Dung 1995), an important formalism in the
area of knowledge representation and reasoning. An AF is
a directed graph, where the nodes represent abstract argu-
ments and the edges represent attacks among them. In an
ADF, the relations between the arguments are more general
and are represented by acceptance conditions, i. e., (propo-
sitional) logical formulae that specify the conditions under
which arguments may be accepted.

Formal semantics for ADFs are given through functions
that determine three-valued models that satisfy the accep-
tance conditions in a certain way. In particular, the classi-
cal admissibility-based semantics of Dung have been gener-
alised to ADFs (Brewka et al. 2013).

As the name suggests, ADFs are inspired by dialec-
tics (Brewka et al. 2013). An important element of di-
alectics is procedurality, i. e., the fact that arguments are
put forward sequentially and are then followed by counter-
arguments (Hage 2000). While this aspect is modelled well
on the syntactic level in ADFs, on the semantical side this
aspect is somewhat lost, just like in the case of AFs. Con-
sider the ADF in Figure 1, where acceptance conditions of
arguments are placed right above them (we will provide for-
mal definitions in Section 2). We have that a and b can only
be accepted if the other is rejected, meaning they form a sort
of atomic conflict that must be resolved. Only after resolv-
ing this conflict, for example by accepting a and rejecting b,
can we turn to the remaining arguments and evaluate them
properly. Now, rejecting b directly implies that c must also
be rejected and in turn that we shall accept d afterwards.
On the other hand, if we accept b and reject a in the initial
conflict, that implies that we accept c and subsequently re-
ject d. If we only consider the resulting admissible model
that assigns the respective truth values, we disregard this in-
formation about the reasoning process of the argumentation
performed to arrive at the conclusion.

An approach to address this is serialisability for AFs,
which provides a non-deterministic iterative construction
scheme for extensions, based on initial sets (Thimm 2022).
An initial set (Xu and Cayrol 2018) is thereby defined as
a non-empty, minimal admissible set, essentially represent-
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Figure 1: An ADF D, a and b are in a conflict, while b supports c
and the argument d may only be accepted if c is rejected.

ing a minimal semantical unit of the AF. An extension can
be represented by serialisation sequences, i. e., sequences
of initial sets that represent an order in which the extension
can be built. In this work, we characterise initial models for
ADFs and generalise the notion of serialisation sequences to
ADFs as a tool for the dialectical evaluation of ADFs.

The full version of the presented work has been published
in (Bengel and Thimm 2025).

2 Background

An abstract dialectical framework (ADF) is a tuple D =
(A,L, C) where A is a set of arguments, L ⊆ A × A
is a set of links and C is a set of propositional formulae
{ϕa}a∈A over A, called acceptance conditions. Reason-
ing in ADFs is performed via three-valued propositional in-
terpretations υ : A 7→ {t, f, u} that satisfy all acceptance
conditions, called models. We will also write a 7→ x in-
stead of υ(a) = x and omit assignments to u for readabil-
ity. We consider the following partial order ≤i: u <i t,
u <i f and no other pair in <i. For two interpretations
υ1, υ2 we define υ1 ≤i υ2 iff υ1(a) ≤i υ2(a) for all a ∈ A.
For two models υ1, υ2, let υ1 ⊓ υ2 be the consensus, i. e.,
the model that takes the assignments where both υ1 and υ2
coincide and assigns u otherwise. For some three-valued
interpretation υ, we define the set of completions [υ]2 as
[υ]2 = {υ′ | υ ≤i υ

′, (υ′)−1(u) = ∅}.
For the semantic evaluation of an ADF D we then define

the characteristic operator ΓD which computes for a model
υ the consensus of all its completions for every a ∈ A as

ΓD(υ)(a) = ⊔{υ′(ϕa) | υ′ ∈ [υ]2}.

An interpretation υ : A 7→ {t, f, u} is then called admissible
in D iff υ ≤i ΓD(υ).



3 Characterising Initial Models and
Serialisation Sequences in ADFs

First, we define the initial models of an ADF as those mod-
els that are admissible and minimal wrt. the information
ordering ≤i, excluding the model υu that assigns u to all
arguments.
Definition 1. Let D = (A,L, C) be an ADF. An interpreta-
tion υ : A 7→ {t, f, u} is called an initial model of D, iff υ
is admissible with υ ̸= υu and there is no admissible model
υ′ ̸= υu with υ′ <i υ. is(D) denotes the initial models.

The initial models then represent the atomic semantic
building blocks of ADF semantics.
Example 1. Consider again the ADF D in Figure 1. There
are two initial models for D: υ1 = {a 7→ t, b 7→ f} and
υ2 = {a 7→ f, b 7→ t}. Note that for both a and b assigning
them to t means that the other must necessarily be assigned
f in order to have a valid admissible model. Note also that
for the latter initial model υ2, while υ2(ϕc) = t, due to the
minimality c is still assigned u.

We now characterise admissibility for ADFs in terms of
serialisation sequences, i. e. sequences of initial models.
First, we generalise the notion of the reduct in the sense
of (Baumann, Brewka, and Ulbricht 2020) to ADFs. For
some model υ, we define the υ-reduct Dυ of D as the ADF
where all arguments that are evaluated to t or f by υ are re-
moved and their occurrence in the acceptance condition of
some other argument is replaced by ⊤ or ⊥ respectively. The
intuition being that the reduct of an ADF D wrt. some model
υ represents the part of the ADF that is unresolved by υ.
Definition 2. Let D = (A,L, C) be an ADF and υ : A 7→
{t, f, u} is a three-valued interpretation. Then we define the
υ-reduct of D as the ADF Dυ = (A′, {ϕ′

a}a∈A′) where

A′ = A \ {a ∈ A | υ(a) ̸= u},
C′ = {ϕ′

a}a∈A′

with x ∈ {t, f} and ϕ′
a = ϕ

[b/x : υ(b)=x]
a .

For two non-conflicting models υ1, υ2, let υ1 ⊔ υ2 be the
union of υ1 and υ2. We now define the concept of the seri-
alisation sequence for ADFs as a series of initial models of
the respective reducts.
Definition 3. A serialisation sequence for D = (A,L, C) is
a sequence Y = (υ1, . . . υn) with υ1 ∈ is(D) and for each
2 ≤ i ≤ n we have that υi ∈ is(Dυ1⊔···⊔υi−1).

Based on the above results, we can then show that the
union of all initial models υi in some serialisation sequence
Y = (υ1, . . . υn) corresponds directly to an admissible
model. In particular, we can characterise the admissible
models for ADFs in this way.
Theorem 1. A serialisation sequence Y = (υ1, . . . υn) in-
duces an admissible model υ = υ1 ⊔ · · · ⊔ υn and for every
admissible model there is at least one such sequence.

A serialisation sequence is then essentially a procedural
representation of an admissible model and there can be mul-
tiple sequences corresponding to an admissible model. This

means serialisation sequences provide a more fine-grained
semantical representation for ADFs compared to the simple
model-based representation.
Example 2. Consider again the ADF D in Figure 1. Con-
sider for instance the sequence

({a 7→ t, b 7→ f}, {c 7→ f}, {d 7→ t}}).
As shown in Example 1, υ1 = {a 7→ t, b 7→ f} is an initial
model of D. We then consider the reduct Dυ1 with ϕc = ⊥
and ϕd = ¬c. It is easy to see that after resolving a and
b, the only initial model of the reduct is υ2 = {c 7→ f}.
Finally, in the reduct Dυ1⊔υ2 , we have only ϕd = ⊤ and thus
the initial model υ3 = {d 7→ t}. This matches exactly the
intuition described in the introduction and is also the only
serialisation sequence for the admissible model υ1⊔υ2⊔υ3.
Alternatively there is also the unique serialisation sequence

({a 7→ f, b 7→ t}, {c 7→ t}, {d 7→ f}})
for the only other maximal admissible model of D.

By putting restrictions on the serialisation sequences,
e. g., maximal length, we can then also characterise other
admissibility-based semantics for ADFs.

4 Conclusion
In this work, we considered abstract dialectical frameworks
and introduced the notion of initial models. Most impor-
tantly, we defined serialisation sequences for ADFs which
allow us to characterise admissibility-based semantics in a
more expressive, procedural form. In the full paper, we also
investigated the computational complexity of tasks related
to initial models.
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